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This writeup illustrates how to include the extended term in extended weighted
unbinned maximum likelihood fits.

1 Recap

The asymptotically correct treatment of uncertainties in weighted unbinned maxi-
mum likelihood fits is based on a Taylor expansion of the estimating equation [1]
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Resolving to λ̂− λ0 and neglecting terms of O(1/N) gives
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We can then calculate Var(λ) = E((λ̂− λ0)
2), resulting in
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and analogously for multiple dimensions. The last line here is the sample estimate.
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2 Extended fit using Nsig and Nbkg

The lnL in this case is given by
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More complicated is the numerator, which requires the (cross-) expectation values.
For these, we find

E

(
∂ lnL
∂λ

∂ lnL
∂λ

)
= E

(∑
w2
e

[
∂

∂λ
ln
(
NsigPsig +NbkgPbkg

)]2)
(8)

E

(
∂ lnL
∂Nsig

∂ lnL
∂Nsig

)
= E

([∑
we

Psig

NsigPsig +NbkgPbkg
− 1

][∑
we

Psig

NsigPsig +NbkgPbkg
− 1

])
= E

((∑
we

Psig

NsigPsig +NbkgPbkg

)2

− 2
∑

we
Psig

NsigPsig +NbkgPbkg
+ 1

)
= E

(
N̂(N̂ − 1)E2

(
w

Psig

NsigPsig +NbkgPbkg

)
+ N̂E

(
w2

P2
sig

(NsigPsig +NbkgPbkg)2

)
− 2N̂E

(
w

Psig

NsigPsig +NbkgPbkg

)
+ 1

)
=

N2

N2
+NE

(
w2

P2
sig

(NsigPsig +NbkgPbkg)2

)
− 2

N

N
+ 1

= E

(∑
w2
e

P2
sig

(NsigPsig +NbkgPbkg)2

)
E

(
∂ lnL
∂Nbkg

∂ lnL
∂Nbkg

)
=

∑
w2
e

P2
bkg

(NsigPsig +NbkgPbkg)2

E

(
∂ lnL
∂λ

∂ lnL
∂Nsig

)
= E

([∑
we

Psig

NsigPsig +NbkgPbkg
− 1

]∑
we

∂

∂λ
ln
(
NsigPsig +NbkgPbkg

))
= E

(∑
w2
e

Psig

NsigPsig +NbkgPbkg

∂

∂λ
ln
(
NsigPsig +NbkgPbkg

))
E

(
∂ lnL
∂λ

∂ lnL
∂Nbkg

)
= E

(∑
w2
e

Pbkg

NsigPsig +NbkgPbkg

∂

∂λ
ln
(
NsigPsig +NbkgPbkg

))
E

(
∂ lnL
∂Nsig

∂ lnL
∂Nbkg

)
= E

(∑
w2
e

PsigPbkg

(NsigPsig +NbkgPbkg)2

)
These terms, together with the second derivatives in Eq. 7 allow the determination
of the full asymptotic covariance. The expectation values can alternatively be
calculated using the logarithmic total probability
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Comparing with the expectation values in Eq. 8 we see that we simply need to add
the terms ∂ ln(Nsig + Nbkg)/∂Nsig and ∂ ln(Nsig + Nbkg)/∂Nbkg (note ∂ ln(Nsig +
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Nbkg)/∂λ = 0) to get the needed factors, e. g.
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